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The 4-index energy-momentum tensors for gravitation and matter are analyzed on the basis of new
equations for the gravitational field with the Riemann tensor. Some consequences of the new 4-index
gravitational energy are discussed.
1 Introduction
The Einstein formulation of the theory of gravitation is incomplete. In the presence of a gravitational
eld on any point of space-time we may chose coordinate systems with a flat Minkowsky metric tensor
and with vanishing Cristoel symbols. Outside of the matter the Ricci tensor vanishes in the presence of
the gravitational eld. So, the true and covariant characteristics of the gravitational eld is the Riemann
curvature tensor only. But this tensor is not used in equations of motion and in eld equations. This fact
leads to the problems with the energy-momentum of the gravitational eld because the energy-momentum
must be constructed from covariant characteristics of the eld which vanish if the eld vanishes.
In the previous paper [1] I formulated a new generalized version of the Einstein equations with full
Riemann curvature tensor. I showed that the correct energy-momentum tensors for gravitation and matter
can be constructed and that they must be 4-index tensors.
In the present paper I shall consider the structure of new gravitational equations and properties of 4-index
energy-momentum tensors.
2 Four-index equations for gravitation
We started from the standard Einstein-Gilbert action for the gravitational eld with a metrics gil and a






p−g  [− 1
2κ
R+ L] (1)
where κ = 8pik/c4. The variation of the gravitational part we represented as:




The variations of the Riemann tensor Riklm are equal to:
gilδRiklm = δRkm − δgilRiklm (3)
Then we obtain:
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p−g  δgkmgilGiklm (4)
where:
Giklm = − 1
κ
(Riklm − 12Rilgkm) (5)






p−g  δgkmgil[Giklm + T (m)iklm] = 0 (6)






(gkmTil − gklTim + gilTkm − gimTkl) + T6 (gimgkl − gilgkm) (7)
Then eld equations are:
gil(Giklm + T
(m)
iklm) = 0 (8)
In the general case the expression in parenthesis is not equal to zero and it is equal to some 4-index
tensor Viklm with the property:
gilViklm = 0 (9)
Taking into account this additional term we obtained new equations for the gravitational eld:
Giklm + Tiklm = 0 (10)
where the total energy-momentum tensor of matter Tiklm contained a new additional term Viklm which
vanish in 2-index case:
Tiklm = T
(m)
iklm + Viklm (11)
The tensor Giklm is the energy-momentum tensor of the gravitational field and in the next section we
shall show that the full energy of the system is conservative 1.
The tensors Giklm and Tiklm have symmetry properties of the Riemann tensor and therefore we have 20
equations. The tensor Giklm is a function of the metric tensor gik which has 6 independent components. The
tensor T (m)iklm combined from the ordinary energy-momentum tensor of the matter Tik and it has 4 independent
functions (an energy density  and 3 components of a velocity). These 10 functions are solutions of 10 Einstein
equations (6 for independent components of the metric and 4 for independent components of Tik). The new
term Viklm has 10 independent components.
So, we have 20 equations for 20 independent functions. If we take solutions of the Einstein equations for
some metric and Tik, then we have an additional 10 equations for 10 components of Viklm. This means that
solutions of the Einstein equations exactly dene all components of Viklm and we can nd Viklm for some
standard metrics. But if we have some model of the vacuum and we calculate Viklm with the help of such
model, then we have 10 equations for 10 unknown components of metrics gik and Tik.
3 Energy-momentum tensors for gravitation and matter
The Riemann tensor can be represented as (n = 4):
Riklm = Ciklm +
1
2
(gkmRil − gklRim + gilRkm − gimRkl) + R6 (gimgkl − gilgkm) (12)
where Ciklm is the Weyl tensor with zero 2-index reduction gilCiklm = 0. In the vacuum Tik = T = 0,
Ril = R = 0 and as result:
1In [?] I proposed another interpretation of Giklm as a vacuum energy and Viklm as the gravitational energy.
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Giklm = − 1
κ
Riklm = − 1
κ
Ciklm (13)
Tiklm = Viklm (14)
Therefore, the equations for the gravitational eld in the vacuum are:
1
κ
Ciklm = Viklm (15)
We see that new tensor Viklm plays the role of the source for space-time curvature Ciklm. If the curvature
Ciklm is induced by the source with ordinary energy-momentum tensor Tik at some compact region, then
we can conclude that outside of this region this source deforms the structure of the vacuum and Viklm can
be considered as energy-momentum of such deformations. We call this term the energy-momentum tensor
of vacuum deformations or energy of vacuum deformations.







(gkmR;l − gklR;m)− 12Rkl;m] (16)









l;j = 0 (18)
gkmT jklm;j = T
j
l;j = 0 (19)
Taking into account the relations:
− 1
κ
R;j = T;j (20)
Rjklm;j = Rkm;l −Rkl;m (21)
we nd the conservation law for the vacuum energy:






gklT;m − 112gkmT;l (22)
and outside of matter (Tkl = 0) we have:
V jklm;j = 0 (23)








·klm) = 0 (24)
only if we take into account the existence of the vacuum energy Viklm.

























p−g  Tikl0 (27)







































p−g  (Rk0 − 12gk0R)
These energy-momentum vectors exist only in a region with Tk0 6= 0 and they vanish in the vacuum.























ikl = 0 (33)







p−g(xiP k − xkP i) (34)






p−g(xmP ikl − xkP iml) (35)
The last 4-index tensor of angular momentum is new very interesting consequence of the vacuum energy.
We can consider this new quantity as the tensor of classical spin of the gravitational eld.
4 Comparison with pseudotensors and Hamiltonian approaches
The pseudotensor (for example, the Landau-Lifshitz pseudotensor) tik dened as a part of the Einstein
tensor:




Such separation of the Einstein tensor leads to the conservation of the sum of tik and Tik:∫






The integral on the right hand side of this equation is treated in the pseudotensor approach and in the
Hamilton dynamics as full energy of the system. But we see that the pseudotensor tik and the function
∂ψlik/∂x
l both are only noncovariant parts of the energy-momentum tensor of the gravitational field which
is equal to Gik.
5 THE GEODESIC DEVIATION AND MEASUREMENTS OF THE VACUUM ENERGY 5
5 The geodesic deviation and measurements of the vacuum energy















Therefore, we conclude that the measurements of the geodesic deviations are exactly the measurements
of the energy-momentum tensor of vacuum deformations V iklm.
6 Conclusions
In the present paper I consider some properties of the 4-index energy-momentum tensors for matter and
gravitation. In the future publications I shall discuss the energies for standard metrics and some consequences
of the appearance of vacuum energy (see [2] ).
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